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ON THE RELATIONSHIP BETWEEN THE CUTTING OPERATION OF GENERALIZED MARKOV
PROGRAMMING AND OPTIMAL STOPPING.

by

P.J.Weeda

ABSTRACT

The principles of generalized Markov programming were developed by
DE LEVE [4] to solve continuous time Markov decision problems under the
long run average return criterion. Here we investigate the generalized
Markov decision model that arises if the natural process is given by a
finite state semi Markov process and interventions are restricted to the
points of time just after a state transition.
The iteration method induced by the general iteration scheme of DE LEVE
for this special model distinguishes three operations at each iteration
step which are called respectively: the value determination-, the policy
improvement - and the cutting operation. The first two are related to sim-
ilar operations in the iteration methods of HOWARD [2] and JEWELL [3] and
are directly amenable for. computation. This however is not true for the
third one. In this report the relationship between the cutting operation
and optimal stopping for this special model is stated and proved. This re-

lationship yields a useful algorithm for this operation.

KEY WORDS AND PHRASES: Generalized Markov programming. Finite state Markov

decision problems. Cutting operation. Optimal stopping.







DUCTION

In generalized Markovian decision processes, DE LEVE [4], the state of
ystem is described by a point in a finite dimensional Cartesian space
ch point of time. For each initial state the evolution of the state

e system is assumed to be described by a homogeneous strong Markov
ss, called the natural process. The decisionmaker may interrupt the
al process in each state by an iZntervention which implies an instan-
us (possibly random) change of the state of the system. In each state

ecisionmaker has a set of feasible interventions at his disposal,
may be uncountable. The only alternative to interventions is to leave

atural process untouched. This alternative is called the nulldecision
at state. With the exception of a nonempty subset of states, the null-
ion is feasible in each state. After an intervention the evolution

e system is again described by the natural process until the next inter-
on is effectuated. It is assumed that at most a finite number of inter-
ons is taken in each finite timeperiod. Also a general iteration scheme,
called here generalized Markov programming, is presented in DE LEVE

It is proved there, that this scheme converges to a strategy which is
al with respect to the class of stationary deterministic strategies in
finite number of iteration steps. The optimality-criterion is to maxi-
the expected average return per unit of time in the long run. Some ap-
tions of the method are presented in DE LEVE, TIJMS & WEEDA [5].

In this paper we consider the special model that arises if the natural
ss is given by a finite state semi Markov process and the decisionmaker
ly allowed to intervene at the points of time a state transition in
atural process has just occurred. The iteration method induced by the
al iteration scheme for this special model is formulated. In agree-
with the general scheme this iteration method distinguishes three

tions per iteration step: the value determination -, the policy im-
ment - and the cutting operation. The iteration method for this model
he pleasant property of convergence within a finite number of steps.
ttention in this paper is focused on the cutting operation. New is
elation between the cutting operation and optimal stopping which is

d and proved for the special model. This relation yields a method
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hich is directly amenable for computation and can be generally applied to
roblems satisfying this special model. It is hoped that the results will

e useful in developing efficient methods for this cutting operation in the
ore general type of Markov decision problems covered by the iteration
cheme of DE LEVE.

HE MODEL

atural process

The natural process of this generalized Markov decision model is sup-
osed to be given by a finite state semi Markov process. In a finite state
emi Markov process the system makes random transitions among a finite
umber of states. Let J denote the set of states. If a transition to some
tate 1 € J has just occurred at time t, the system remains in state i un-
il the next transition to a random state j *) occurs at a random time

+ 1i where 1i is the sojourn time in state i. Sufficient information for
ur purposes about the behaviour of the process is provided by the triple ol
Q, u, h) where Q denotes the |J|x|J|- matrix of transition probabilities i

ijs i, j € J, satisfying O < qij < 1 and ZjeJ 1; u>0 denotes the

q..
1]
J|- dimensional vector of expected sojourn times and h denotes the |J|-
imensional vector with elements hi (-w<hi<w) representing the expected
eturn of the process during the sojourn time in state i including the

ransition to the next state.

1terventions and nulldecisions

In each state i € J the decisionmaker has a finite set of actions X(i)
t his disposal consisting of interventions and at most one nulldecision,
nich is denoted by xo(i). The nulldecision leaves the state of the system
nchanged, which implies here that the natural process remains untouched -
uring the sojourn time in that state including the next state transition.
he nulldecision satisfies

x,(1) ¢ X(1) for i e A

)

Random variables are underlined.
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ompute:

l. The |J|- dimensional vector kg defined by

-1
(k) = (I-Qyx (h)
0 KO Ko KO
(k) = 0.
0”4,
). The |J|- dimensional vector to defined by
-1
(t)z = (I -Qx (W
0’4, KO Ko
(t,) = 0.
0 A,

. The numbers k(i,x) defined for each x ¢ X(i) and i ¢ J by
k(i,x) := -gi(x) +m§J pim(x) ko(m) - kO(l)"
l. The numbers t(i,x) defined for each x ¢ X(i) and i ¢ J by

t(i,x) v=m;J Py () to(m) - t(i).

'he interpretation of the vecfors k0 and to is as follows: Each element
;O(i) (to(i)) represents the expected return (expected time elapsed) in
‘he natural process with initial state i € KO until the first state in A0
.s assumed. The elements ko(i) (to(i)) for i ¢ Ao,vanish. The numbers
(i,x) (t(i,x)) represent the difference in expected return (expected
luration) between two stochastic walks. The first walk applies action

. € X(1) in initial state i and is subsequently described by the natural
rocess until the first state in the set A0 is taken on. The second walk
s completely described by the natural process from initial state i until
‘he first state in AO is taken on. The definitions of k(i,x) and t(i,x)

mply k(i,x%,(1)) = t(i,xy(i)) = 0.

After these preliminary computations the iteration cycle is entered




an arbitrarily chosen initial strategy. During each iteration step

following three operations are executed.

2 determination operation

- dimensional vector k(Z) with elements k(i, Z(i)), i € AZ.
1e |Azl- dimensional vector t(Z) with elements t(i, Z(i)), i € AZ.
e |K | x lAzl- matrix S(A,) defined by

N
S(8) 1= (- QF @

1ere (Q)1 5 denotes the |K | x |A |- matrlx with entries q. i3° ie A,
€ A The ex1stence of the matrix (I - Q)A is implied by the existence
3 (I - Q)- and relation (1). Z

0

1e IAZ| x [Az|- matrix R(Z) defined by
R(Z) := P(2Z) S(A,)
1ere P(Z) denotes the [A | x |A |- matrix with entries Pim (z(i)),

€ AZ’ m e A l R(Z) is the matrix of transition probab111ties of the

ibedded process defined by the states i ¢ AZ.

: is assumed in generalized Markov programming that pim(z(i))=0 for

, M € AZ for each stationary deterministic strategy Z.




subvectors (y(Z))A and (v(Z))A by solving the following set of

. Z Z
ttions
(y(2)), = R(2Z) (y(2))
AZ AZ
(v(z)), =k(2) - (y(2)), O t(z) + R(Z) (v(z2)),

Z Z Z

‘e the notations a [] b stands for the vector with elements a; bi
A unique solution to this set is obtained by choosing in each

dic set K(£), £=1,...,L(Z) of the imbedded process an arbitrary state
€ K(L) for which we put vi(z)(z) =0, £=1,...,L(2).

subvectors (Y(Z))K and (V(Z))K from
Z Z

(v(2)); =5(4) (y(2))
A, z A,

v(@)g = 5@, W),

Z Z

improvement operation

J|- dimensional vector y' with elements y!, i ¢ J defined by
Vi

1

y! :==max [} .. (%) ¥.(2)]
L7 geX(i) Jeg Tii J

subset Xl(i) of X(i) defined by

Xl(l) = {x e X(1) : EEJ pij(X) Yj(Z) = Yi}




i

) lJI— dimensional vector v' with elements v{, i € J defined by
v! := max [k(i,x) - yi t(i,x) + ) pi.(x) v.(2)]
xeXl(i) jedJ J J
. subset Xz(i) of Xl(i) defined by

Xz(i) := {xeXI(i) s k(i,x) - yi t(i,x) + z

L pij(x) vj(Z) = 3

‘ategy Z' defined by the following rule: Take Z'(i) = z(i) if

) € Xz(i); otherwise take Z'(i) equal to an arbitrary action from
i).

e that at the computation of y' the nulldecision for a state

N KO yields

the intervention Z(i) yields

Z Pjj

; (z(1)) yj(Z) = yi(Z)-
jed

me holds at the computation of v'. Because the policy improvement
ion implies Z'(i) = Z(i) if y{ = yi(Z) and vi = vi(Z) we conclude

n any case Z'(i) # x.(i) for i ¢ A_ or equivalently
0 z

AZ,

g operation

et A be an arbitrary set of states satisfying Ao EJAE.AZ|0 Define

[— dimensional vectors y'"(A) and v'(A) respectively by

") = 5M) (7,

(y" (), = "),




ad

(v"(A)g = @GN,

(v"(A)), : (V')A

2t M be the collection of sets A satisfying either yg(A) > yi or yi(A) =

" 1 4
1d Vi(A) > 2 for each 1 € AZ"

mpute:

. The set A* defined by

AeM

. The strategy Z" defined by

Z'(1) for ieA*
Z"(1) :=
xo(i) for ieA*.
! 2" = Z then the iteration cycle is terminated. Otherwise the value

:termination operation is reentered with Z := Z".

The following lemma is implied by a result of DE LEVE (see [4], page

'y lemma 3.2)

MMA 1. If A], A, € M are two subsets of states then

Al n A2 € M.

The following corollary to lemma 1 is not true in the general model

nsidered in DE LEVE [4].

ROLLARY 1.

A¥ ¢ M.




, The assertion follows directly from lemma 1 and the fact that M con-

a finite number of sets.. [J

[n the next section it will be shown that the set A* of the cutting
tion is identical to the solution of the second of a sequence of two

11 stopping problems. The numerical solutions of these two optimal

ing problems are easily obtained by a specialized version of the policy

tion method of HOWARD [2].

JTTING OPERATION AND OPTIMAL STOPPING

[n this section we state and prove the relationship between the cutting
tion of the preceding section and optimal stopping in a finite Markov
, Primarily optimal stopping is reviewed.
Suppose that a finite Markov chain with set of states J is given. In
state 1 € J at most two actionms X and x, are feasible. If action X
>lied in state i then the original chain is continued at least until
axt transition has occurred. If action X, is applied in state i then
rain is stopped and a return v, is obtained. An optimal stopping prob-
n a finite Markov chain is completely defined by the quadruple (AS, Ac’
where As is the (nonempty) subset of states in which only action X,
asible; Ac is the (possible empty) set of states satisfying KCD AS
>ntaining all the states in which only action Xq is feasible; Q is the
x of transition probabilities qij of the original chain and w is an
dimensional vector with elements —e<w, <=, The matrix Q and the set
2 required to imply the existence of the matrix (I - Q)il.
The optimal stopping problem defined above can be considéred as a finite
Markov decision problem if action X, in each state i ¢ Kc is inter-
d as to make i an absorbing state with a return we received at each
ition i > i. Because a stationary deterministic strategy is optimal
finite state Markov decision problem (see DERMAN [1] by example) the’
tation of an optimal strategy can be restricted to the class Z of this
al type of strategies. Each strategy Z € Z in an optimal stopping

em dichotomizes the set of states J into a feasible stopping set B




efined by

B:={ieJ: Z(1) = xl}
nd its complement. Clearly there exists a 1-1 correpondence between the
ollection of feasible stopping sets Assjis Kc and the class of strategies
. To each feasible stopping set B an eapected return vector £(B) is asso-
iated, whose elements fi(B) represent the expected return for each initial
tate i € J. The vector f£(B) is calculated by solving the following set of

quations

(£(B)g = (W

5)

(£@))g = @5 E®)z + @5 (EB),

he set (5) possesses a unique solution because the existence of (I - Q)%]
s implied by the existence of (I - Q)%1 for each set B satisfying

(SBc J. If we write S(B) for the |B| xS |B|-matrix (I _-Q)%l (Q)EB then

he solution of (5) is given by

(£(B))g = (W)

6)

(f(B))§ S(B) (W)B
n optimal stopping set (notation : Bm) satisfies for each feasible stopping

et B
7) f(Bm) > f(B)

n optimal stopping set can be calculated by a specialized version of the
olicy iteration method of HOWARD [2]. The iteration starts with an arbi-
rary feasible stopping set (strategy). At each step the following two

perations are executed:
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‘lue determination operation

 be the feasible stopping set (strategy Z) obtained at the preceding
Solve the set of equations (5) in £(B).

licy improvement operation

te:

e |Ji- dimensional vector f' with elements fi defined by

max [w. .. £.(B)] for i e A nA

f! := i’ %eJ qlJ J( ‘ "

1 £f.(B) for i e A u A..
i s c

c

e feasible stopping set B' (strategy Z') by taking

z'(1) # Z(1) if fi > fi(B)

zZ'(1) = z(i) if fi = fi(B)

. two operations are repeated until B' = B. This idéntity is obtained
n a finite number of steps and implies the optimality of the feasible
ing set satisfying B' = B. The proofs of HOWARD and others imply the

wing lemma for an optimal stopping problem in a finite Markov chain.

. 2. If B and B' are two feasible stopping sets, obtained at two succes-
steps of the policy iteration algorithm above, then we have either

£f' > £(B) = £(B') > £(B)

B' =B & B s optimal

e policy improvement operation we have that for an optimal stopping

notation : B ) f.(B_ ) satisfies
m’ i m

fi(Bm) = Z qij fj (Bm) 2w, for i e Bm n Kc
jed
fi(Bm) =W, > z qij fj(Bm) for i e Bm n As'

jeJ




Jefine:

, S _ . o =

‘9) Bm = Bm \ {1c¢€ Bm n Ks : Z qij fj(Bm) w.}
jed

ind

'10) Bl =B ulieB nk : ) q.. £.(B) =w.}

' m m m c ’ ij 3 m i

jedJ

'he following lemma specifies the collection of optimal stopping sets.

EMMA 3.
'a) The feasible stopping sets B; and Bﬁ satisfy f(B;) = f(Bﬁ) = f(Bm).
b) Each optimal stopping set A satisfies B; cAc Bﬁ.

'ROOF .

a) By definition f(B;) satisfies (5). By (8) and (9) £(B_) satisfies

_ . o8

£,(B) = Z 9 5 fj(Bm) for i e B_
Jjed

£f.(B) = w. for i € B®

1 m 1 m

lecause the solution to (5) is unique we have f(B;) = f(Bm).

ly a similar argument: f(Bﬁ) = f(Bm).

b) Relation (8) and the definitions (9) and (10) imply that the sets

- S ¢ o
.. nB and A n Bz are disjunct. Hence
s m c m

. S _ (. .

‘11) By={iek nk : Z 9 ; fj (B ) <w;}uA
jed

ind

. L _ . ]

12) B =1ieA nkK_ : ) 95 £ (B) < w} uA

jeJ
lecause A is optimal, Bm may be replaced by A in (8), (11) and (12). With

his modification these relations imply B; cAc Bm' g
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e sequel the expected return vector of a feasible stopping set B to
KZ" Q, y') will be denoted by y"(B) in agreement with its definition
nd relation (6). The vector v''(B) represents the same for a feasible
ing set B to (B; CAD Bﬁ (y'"), Q, v'). At this point we are able to

the algorithm to compute A* based upon optimal stopping.

jorithm for the cutting operation

te:
optimal stopping set to (AO, KZ" Q, y') (notation: Bm(y')) by the
thod of HOWARD.

2 sets B;(y') and Bﬁ(y') defined respectively by

B> (y) :=B (y") \ {i eB (y) nkj: ESJ a5 v) BN =yi)

B () =B D vl e B GV A, ] q

Ly % yg (B_(y')) =i}

optimal stopping set to (B;(y'), Bﬁ(y'), Q, v') (notation: Bm(v'))
the method of HOWARD.

2 set B; (v') defined by

s 1y o= ‘ 1 . ' Scoty . " 1YY=y !

B_ v") : B v") \ {ie€ Bm(v ) n Bm(y ) Z 9 ; Vj(Bm(y )) Vi}
Jed

ve prove two lemmas which are required to prove the main result (theo-

), on which this cutting algorithm is based.

4. Let A and B, A>B, be two feasible stopping sets to (AO, AZ" Q,
3 well as to (AO, KZ" Q, v'). Let yg (B) >yi for i e AnB. Then a state
satis fying yﬂ(B) = yﬂ(A) also satisfies vﬂ(B) = VE(A).

, The assumptions A >B and yE(B) = yﬁ(A) imply

yp(B) =] S 1

ok @ Yi®) =y - I s @y

jeA J




icause yg(B) > yi for i € A n B we have

3) -
jeB Skj (a) =1

rcause AoB, (13) and V;(B) = v;(A) vi for i € B we have

vI'(B) =) s .(A) VvI@®) =) s .(A) v'(B) =
k jeA kg J jeB kj ]

= z ‘s, .(A) v! = X s, . (A) v! = v"(4a). O
jeB k J jeA kj J k

S,
Bm(v ) € M.

00F. By the optimality of B;(v') to (AO, AZ" Q, y') and by lemma 3 we

wve
S ] . E !
Y;(Bm(v')) >y for i e Bm(y') n A, '
ud
S 1 = ! . L, ,
Yi(Bm(V )) Yi for i € Bm(y )

' the optimality of B3(v') to (B3(y"), Bﬁ(y'), Q, v') we have

wipSot T . £ '
vi(Bm(v )) = 4 for i e Bm(y )
lese relations imply the assertion. d

le main result is now proved.

[EOREM 1.

* = g5 (v!
A Bm(v ).

\O0F. Suppose A* is not optimal with respect to (AO, AZ" Q,y') then the

sthod of HOWARD entered with A* would yield a stopping set B after one iter-
ion step which would satisfy y'"(B) > y'"(A*) by lemma 2. Because A* ¢ M
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es y;(A*) > yi for i e AZ" we have y;(B) > y;(A*) > yi for i € AZ'
we have B c A*, because otherwise there would be at least one state

719 satlsfylng y"(A*) z q; y"(A¥) < y{ contradicting A* ¢ M. For

state k € B n AZ' satlsf}lng y '(B) = yk(A*) we have by lemma 4
VE(A*) and because A¥ ¢ M : E(B) = vﬁ(A*) > vi. For i ¢ B we have
y' and v?(B) = vi. By these arguments B ¢ M. However, B c A* and

contradict the definition of A*, Hence A* is optimal to (A Z" Q,
nd by lemma 3 we have BS (y ) c A¥ g_B (y").

uppose that A¥* is optlggl_go (AO, 719 Q, y') as is proved but that A¥*
t optimal to (B:(y'), Bﬁ(y‘), Q, v'). Then the method of HOWARD applied
;(y'), Bﬁ(y'), Q, v') and entered with A* would yield a stopping set C

one iteration step satisfying C c A* by the same argument as used
for B. Lemma 2 implies now v'"(C) > v'"(A*) and the optimality of C to
AZ" Q, y') implies y"(C) = y"(A¥*). Hence because A* ¢ M also C € M.
c A* and C € M contradict the definition of A*. Hence A* is optimal
;(y'), Bﬁ(y'), Q, v') implying A* > Bi(v') by the definition of

) and lemma 3b. On the other hand the definition of A* and lemma 5
A* ¢ B;(v'). So we have the identity A* = B;(v'). -0
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